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Abstract 
MaruSiE, D. and R. Scapellato, A class of non-Cayley vertex-transitive graphs associated with 
PSL(2, p), Discrete Mathematics 109 (1992) 161-170. 
A construction for a class of non-Cayley vertex-transitive graphs associated with PSL(2,p) 
acting by right multiplication on the right cosets of a dihedral subgroup Dp_, is presented and a 
description of these graphs is given. 
1. Introduction 
In the past twenty years there has been a considerable amount of activity in the 
area of vertex-transitive graphs. Among them a subclass of Cayley graphs is 
defined in the following way. For a group G and a subset M c G\{ 1) closed 
under inversion, the Cuyley graph %jG, M) of G relative to M has vertex set G 
and two vertices X, y E G are adjacent if and only if xy-’ E M. Clearly, %(G, M) 
admits a copy of G acting regularly as a group of automorphisms and so every 
Cayley graph is vertex-transitive. Conversely, every vertex-transitive graph which 
admits a regular group of automorphisms is a Cayley graph. However, not all 
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vertex-transitive graphs are Cayley graphs even though there are infinitely many 
integers n for which every vertex-transitive graph with n vertices is a Cayley graph 
(see [6,9]). For example, the only four known non-Hamiltonian vertex-transitive 
graphs-the Petersen graph, the Coxeter graph, and the two graphs obtained 
from them by replacing each vertex with a triangle-are all non-Cayley graphs 
(see PI)- 
A useful strategy for generating non-Cayley vertex-transitive graphs is to take 
some family of transitive permutation groups without regular subgroups and to 
construct the corresponding orbital graphs. Namely, a transitive permutation 
group G on a set V gives rise to an induced action of G on the set V x V. Let 
u E V and U be a suborbit of G relative to TV, that is, an orbit of the stabilizer of r~ 
in G. If A is the corresponding orbit of the induced action of G on V x V, then 
the orbital graph X(G, U) of G with respect to U is the digraph with vertex set V 
and arc set A. In particular, A contains each of the arcs (v, u), (u E U). The 
suborbit U is said to be self -paired if A is a symmetric relation on V. In this case 
the orbital graph X(G, U) is an undirected graph. Moreover, if the group G is 
primitive, then all nonirivial suborbits, that is suborbits of length greater than 1, 
give rise to connected graphs [2, p. 811. In view of these remarks we may look for 
possible examples of non-Cayley graphs among orbital graphs arising from the 
self-paired suborbits of primitive permutation groups without regular subgroups. 
In this paper we consider orbital graphs associated with PSL(2, p), where p will 
always denote a prime, acting by right multiplication on the right cosets of a 
dihedral subgroup Dp__, if p 2 7 and Z$ if p = 5. The study of these graphs is 
relevant for the classification of vertex-transitive graphs whose order is a product 
of two primes [8, lo]. For p 2 13 the subgrc)ups Dp-l are maximal (see [S]) and so 
the corresponding representations are primitive and the orbital graphs arising 
from nontrivial suborbits are all connected. (Note that PSL(2,p) also has 
dihedral subgroups DP + , , but the corresponding representations contain regular 
subgroups.) In Sections 2 and 3 a complete description of the suborbits, together 
with the information on their self-paimess, is givec (see Theorem). In the final 
section we prove that the relative orbital graphs are non-Cayley and discuss their 
structure for the first few primes. 
2. Preliminaries 
We let p be a prime, F = GF(p), F” = F\(O) and G = PSL(2,p). For 
simplicity we refer to the elements of G as matrices: this should cause no 
confusion. A typical element g of G will be denoted by [z 21. 
Let H = DP_, be the subgroup of G consisting of all the matrices of the form 
x 0 
[ 1 0 x-’ (x E F*) 
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and 
[$ -d’] (x eF*). 
Hence H is a dihedral subgroup D,,_, for p 2 7 and the Klein group for p = 5. 
Let g E G be fixed. Each element of Hg is either of the form 
ax bx 
cx-’ dx-’ 1 (x E F*) 
or of the form 
r CX dx 
L-ax-’ -bx-’ I 
(x E F”). 
Moreover, a typical element of gH is either of the form 
or of the form 
bx-’ -ax 
dx-’ -cx 1 (x E F*). 
(1) 
(2) 
The computation and description of the suborbits of G acting by right 
multiplication on the set X of the right cosets of H in G depends heavily on the 
concise description of the elements of ZW. 
For g = [z 21 E G satisfying ab # 0, define c(g) L- ad and q(g) = a-lb, and call 
x(g) = (I;(g), q(g)) the character of g. 
Lemma 2.1. Let x(g) = (c, q). If abed # 0 and g’ E Hg, then either: 
(0 x(g’) = (C9 rl) or 
(ii) xW = (1 - 5, MC - 1)). 
Proof. The element g’ E Hg is either of the form (l), in which case (i) holds, or 
of the form (2)9 in which case (ii) holds. 0 
Lemma 2.2. Let x(g) = (5, q). If ab # 0 and g’ E gH, then either: 
(i) x(g) = (c, yq) for some y E S*, or 
(ii) x(g) = (1 - c, -yq-‘) for some y E S*. 
Proof. The element g’ E gH is either of tne form (3), in which case x(g’) = 
(c, xV2q) or of the form (4), in which case x(g’) = (1 - c, -x2r]-I). Cl 
There are 2(p - 1) cosets in 3% cilrresponding to matrices having exactly one of 
the entries equal to zero. Among them, p - 1 have a zero in the first column and 
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p - 1 have a zero in the second column. Choose as their canonical representatives 
the matrices below 
with respective characters (1, q) and (0,~). Therefore in view of Lemma 2.1 
there is a natural identification of the elements in Z\(H) with the set F x F* 
modulo the equivalence relation (5, rlj 5 (1 - r, 5rllG - ljj (5 fO9 1). 
Assigning the symbol w to the coset H we obtain an identification of %? with the 
set (F x F*/-) U {a}, which will be used throughout the rest of this paper. 
Let S” denote the set of all nonzero squares in F and let N* = F*\S*. For each 
f E F define the following subsets of X. 
Let 9; = {(c, q): Q ES*}, 9’; = {(I;, q): q E N*) and 9’< = 9’: U 3’; of Z’. We 
observe that 
iy;, 951 = {K-<, K-c) (5 f 0, 1) (5 j
q= %-I: (WO, 1). (6) 
Also for c = $ we have, in view of the fact that ($, q) = ($, -q), 9’: = 9~ = Yj 
for p 3 3 (mod 4) and 9: # 3’: for p = 1 (mod 4). Therefore 
(p-1)/2 g=:, 
P-l otherwise, 
(p-1)/4 c=$andp=l(mod4), 
IspzI =ytl = {(p _ 1)/2 otherwise. (8) 
Let A = {c: c-’ - 1 E N*} and B = (5: 5;-’ - 1 ES*}. Note that 
both A and B are closed under the mapping c+ 1 - c. (9) 
Moreover A and B have the same cardinalities as the sets F* n N* + 1 and 
F* f3 S* + 1 respectively. Hence 
IAl= f!p-U/2 p=l (mod% 
1 (p - 3)/2 p = 3 (mod 4), 
(p - 3)/2 p = 1 (mod4), 
lel=((p-l)/2 p=3(mod4). (11) 
We are now ready to state our main result which gives detailed information 
about the structure of the suborbits of G in Z’. 
Theorem. Let p = 1 (mod 4j. Then G bus: 
(ij (p + 7)/4 suborbits of length p - 1, all of them self-paired; 
(ii) (p - 5)/2 suborbits of length (p - 1)/2, among them (p - 9)/4 are seif- 
paired if p = 1 (mod 8) and (p - 5)/4 are self-paired if p = 5 (mod 8); 
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Table 1 
Suborbits of G on X 
prime p 
length 
number 
p=l (mod4) 
P-l (P - u/2 
(p + 7)/4 (p - 5)/2 
p =3 (mod4) 
(p - 1)/4 p - 1 (P - w 
2 (P + 5)/4 (P - u/2 
self-paired 
suborbits 
numki Al’ 
self-paired 
suborbits 
t;EA none none 
g=1 none none 
none none none 
g=1 
none 
none 
none 
5 E B\{ :} 
~;EB\{+) 
none 
I;=: 
c=_: 
yes yes, iff 
gES* 
and 
gES*+l 
yes, iff 
p = 1 (8) 
(p - 9)/4, p = 1 (8) 2, p = 1 (8) 
(P + 7)/4 
(p--5)/4, p=5 (8) 0, p=S (8) 
i-EA 
none 
5E (0, 11 
none 
none 
none 
yes, except: 
Y;UY: 
none 
none 
none 
none 
CEB 
SEB 
yes, iff 
gEN* 
and 
gfEs*+1 
(p + 1)/4, p = 3 (8) 
(P - 3)/4 
(p + 5)/4, p = 7 (8j 
(iii) 2 suborbits of length (p - 1)/4, both are self-paired if and only if 
p = 1 (mod 8). 
Let p = 3 (mod 4). Then G has: 
(iv) (p + 5)/4 suborbits of length p - 1, of which (p - 3)/4 are self-paired; 
(v) (;; - I)/2 suborbits of length (p - 1)/2, among them (p -I- I)/4 are self- 
paired if p = 3 (mod 8) and (p + 5)/4 are self-paired if p = 7 (mod 8). 
Further details are provided in Table 1. 
3. Suborbits computations-proof of the Theorem 
In this section we give the proof of the Theorem. For g E G observe that the 
suborbit Y(g) of the action of G in X containing the coset Hg consists of all the 
cosets of the form Hgh (h E H). Let Hg = (5, 11). Then Lemma 2.2 implies that 
Y(g) = ((5, yq): y E s*) U {(I- f, -yq-‘1: y Es*} (12) 
and whenever 5 $ (0, 1) in view of Lemma 2.1, 
Y(g) = {(5, YVb Y E s*j U {(ST, YE - m-7: y E s*j. (13) 
Proposition 3.1. Let p = 1 (mod 4). Then the suborbits of length p - 1 are 
spa’ U ZfT, 9; U 9; and Yc (I;-’ - 1 E N”), the suborbits of length (p - 1)/2 are 
9; and 9: (f;-’ - 1 E S*\(i)) and the suborbits of length (p - 1)/4 are 9; and 
q. 
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Let p = 3 (mod 4). Then the suborbits of length p - 1 are 9’: u 9’1, 9’; u SP: 
aad Sp, (5 *-’ - 1 E N”) and the suborbits of length (p - I)/2 are 9; and 9’; 
(5--’ - 1 E S). 
Proof. In view of (12) letting c E (0, 1 }, we have that Spl U Spr, 9; U 9;’ and 
Y);usp;, Yi U SpT are suborbits of length p - 1 when p = 1 (mod 4) and 
p = 3 (mod 4) respectively. If I;-’ - 1 E N*, then (13) implies that Y’(g) = sPc and 
thus of length p - 1. In the discussion of the remaining cases suppose first that 
5 # 4. Then since f;-’ - 1 E S* it follows, by (13), that Y(g) is either Y’l or ;Pt. 
Finally, if c = $ then for p = 1 (mod 4) we have that Y’(g) is either Y’$ or Y<, a 
suborbit of length (p - 1)/4 by (8). If p = 3 (mod 4), then Y(g) = Y’? = 9; = Y’< 
is a suborbit of length (p - 1)/2. Cl 
It will be convenient to call the suborbits of length p - 1 arising from c E (9, 1) 
singular. 
We may now give the proof of the Theorem. 
Proof of thr: Theorem. Let us first take care of the numbers of suborbits of 
different lengths. In view of Proposition 3.1 a suborbit of length p - 1 is 
associated with each pair c, 1 - c E F* such that 5 E A. Moreover there are two 
additional singular suborbits of length p - 1. Hence the total number of suborbits 
of length p - 1 is equal, in view of (9), to IA!/2 + 2 which, by (lo), is equal to 
(p + 7)/4 for p = 1 (mod 4) and to (p + 5)/4 for p = 3 (mod 4). This establishes 
the first parts of (i) and (iv) in the Theorem. 
As for the suborbits of length (p - 1)/2, Proposition 3.1 together with (11) 
implies that their number is equal to IBl- 1 = (p - 5)/2 if p = 1 (mod 4) and to 
IBi = (p - 1)/2 if p =3 (mod4). This takes care of the first parts of (i ) and (v) in 
the Theorem. Moreover, there are two suborbits of length (p - 1)/4 for 
p = 1 (mod4). I n order to complete the proof, self-pairness of these suborbits 
needs to be discussed. 
Clearly, a suborbit Y of G on % is self-paired if and only if there exist Hg E 9 
such that Hg-’ E Y. Let us first consider suborbits of length p - 1. Suppose that Sp 
contains a coset Hg = (1, ‘I) for some 11 E F*. Then Hg-’ = (1, --r)) which 
belongs to Y if and only if p = 1 (mod 4). Hence the two suborbits of length p - 1 
relative to 5 E { 0, l} are self-paiced if and only if p = 1 (mod 4). Suppose now 
that P’= Spc with c E A. Then let Hg = (5, 11) for some rl E F*. It follows that 
Hg-’ = (c, -qC-‘) E Y< and so gC is self-paired in this case. This justifies (i) and 
(iv) in the Theorem as well as the first and fourth columns in Table 1. 
We may now assume that Y’ E {Zfl, Y’s} with ~ E B. Letting Hg = (c, q) we 
have again Hg- ’ = (5, -qc-‘) which belongs to Y if and only if q and -$J-’ are 
either both squares or both nonsquares, that is, -q2c-’ E S*. Hence 9 is 
self-paired if and only if c-’ E -S* and so 5; E -S*. On the other hand, since 
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DEB, we have that c-l=-5;(5-‘-l)~-&S*=S*, and so <cS*+l. 
Therefore both - < and c - 1 are in S*. Hence 
9 is self-paired if and only if 5 E (S* + 1) n (-S*). (14) 
Note that -S* = S* if p = 1 (mod4) and -S* = N* if JJ =3 (mod4). It follows 
that 
I@* + 1) n (-S*)] = { 
(p - 5)/4 p = 1 (mod 4), 
(p + 1)/4 p = 3 (mod 4). 
Namely, the number in the first row on the right is equal to the number of 
triangles containing a given edge in a Paley graph (see [4]). The second row on 
the right follows from the fact that 1 S* n S* + I]= (p - 3)/4 for p = 3 (mod 4) 
(see [7, p. 1251). In view of Proposition 3.1 two suborbits of length (p - 1)/2 are 
associated with each pair c, 1 - c E B\(j). Moreover, I; = 4 gives rise to two 
suborbits of length (p - 1)/4 for p = 1 (mod 4) and an additional suborbit of 
length (p - 1)/2 for p = 3 (mod 4). In view of the above remarks these suborbits 
are self-paired if and only if (14) ho!ds for the appropriate 5;. 
Let p = 1 (mod 4). In view of [3, p. 68, Theorem 24.51, -4 E S* if and only if 
p = 1 (mod 8). This implies that the two suborbits of length (p - 1)/4 are 
self-paired if and only if p = 1 (mod 8) justifying thus the third column in Table 1. 
Moreover, the number of self-paired suborbits of length (p - 1)/2 is (p - 9)/4 if 
p = 1 (mod8) and (p - 5)/4 if p = 5 (mod 8). 
Finally, let p = 3 (mod 4). Note that in this case the suborbit SC = Y’t = 93 is 
self-paired irrespective of whether or not -4 = - 5 = 5; - 1 belongs to Y’. Since, in 
view of [3, p. 68, Theorem 24.51, -4 E S* if and only if p = 3 (mod 8), it follows 
that the number of self-paired suborbits of length fp - 1)/2 is (p + 1)/4 if 
;;e;:e;d 8) and (p + 5)/4 if p = 7 (mod 8). This completes the proof of the 
. q 
4. Orbital graphs 
Having an explicit description of the suborbits of G on %‘, the relative orbital 
graphs are constructed as we mentioned in the Introduction. In case of a 
self-paired nontrivial suborbit Y’ of G, for example, the vertex set of the orbital 
graph X(G, Zf’) is %! and the neighbor set of a coset Hg consists of all the cosets 
of the form Hsg (Hs E 3'). As mentioned in the introductory section, the action of 
G is primitive for p 3 13 and so all of these graphs are connected in this case. For 
p E (5, 7, ll}, however, G is imprimitive and so some of the orbital graphs will be 
disconnected. 
The next proposition exhibits the ‘non-Cayleyness’ of some of these orbital 
graphs. 
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Pmposition 4.1. Connected orbital graphs X(G, 9) arising from the self-paired 
suborbits 9 of G on X are non-Cayley vertex-transitive graphs except possibly for 
p~3(mod4)andSPE(~~.Ys)and1;EN*nS*+1. 
Proof. Let us start by making a couple of simple observations about Cayley 
graphs of order mp, m <p. Let X be such a graph, R c Aut X be regular and 5 
be a Sylow p-subgroup of R. Clearly S Q R. Let a! be a generator of S and 
v,, Vi, - - - , vm-, be its orbits (all of length p). The normality of S implies that 
the induced subgraphs [VJ (i = 0, 1, , , , . m - 1) are all 
isomorphic. (15) 
Suppose now that .‘Y is a self-paired suborbit of G on 3!? and that X = X(G, Y). 
Let (Y denote the matrix [A :j as well as its induces1 automorphism on X. Clearly, 
cy has order p. Let Y be the set of its orbits. In particular, let V;, = 
{=, (I, I), - - * , (1, p - 1)) be the orbit of (x containing the coset 00. It is an easy 
observation that 
V, is an independent set unless 9’ is singular, in which case 
deg[ Vi] = (p - 1)/Z. 
Consider an arbitrary coset Hg $ &,. We may assume that 
rl b 
“=Lc d 1 
(16) 
with c #O. Its neighbors in X have the form Hsg with Hs E 9’. 
deg[V], where V = { HgaJ: j E F} is the orbit of (Y containing Hg, 
cardinality of the set V f~ { Hsg: Hs E Y}. Hence 
deg[V] = I{ j: Hgcu’g-’ E Y}l. 
Note that 
gcr’g-’ = 
[ 
I-cj j 1 -c2j 1 + cj .
Suppose first that 54 is singular. Then of course p = 1 (mod 4). We now show 
that V is an independent set whenever 2c-’ E N*. Namely, since Y is singular. in 
order to have deg[ V] > 0 it follows by (17) that I- (cj)” E (0, 1) and so 
j E {c-*, -c-l}. But then ga’g-’ is either 
It follows that 
is equal to the 
(17) 
[ -“, ‘I’] Or [f -;‘I 
and so Hg&g-’ is either (1, -2~~‘) or (0, -2-‘c-‘). But 2c-’ E N* and 
-2~~’ EN* and th erefore, since (-2c-‘)(-2-‘c-‘) = ce2 E S*, we also have 
-2-‘c-’ E N*. Th us we have shown that Hga!g-’ $9’ if c is chosen to satisfy 
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2c-’ E N*. The corresponding orbit V is then an independent set which together 
with (15) and (16) implies that X is a non-Cayley graph. 
Suppose now that 9% {$, Y& Yi} for some c $ (0, 1). Then, in view of the 
form of g&g-‘, it follows that deg[ V] > 0 if and only if 1 - c2j2 E { 5, 1 - c} for 
some j and {j( 1 - cj)? j E F*} has a non-empty intersection with both S* 
and N*. The latter is equivalent to the set [j-’ -c: j E F*} having non-empty 
intersection with both S* and N* which is clearly true. The first condition, 
however, implies that either 5 or 1 - I; must be a square. Hence 
deg[V] > 0 if and only if either 5 or 1 - c belongs to S*. (18) 
Suppose first that Y’= Si: with f E A. Then 5-l - 1 E N* and so 1 - 5 = 
c(5-l - 1) E cN*. H ence 5; and 1 - 5; cannot both belong to N* and so by (I8), 
deg[V] > 0. This together with (15) and (16) implies that X is non-Cayley in this 
case. 
Suppose now that Sp E { 9’:, Yc} with c E -S* + 1. Then by the assumptions of 
Proposition 4.1 we must have p = 1 (mod 4). Hence (18) is immediate and again 
by (15) and (16) we have that X is a non-Cayley graph. Cl 
Remark 4.2. The arguments used in the proof of Proposition 4.1 could be 
extended along the following lines in order to complete the case p = 3 (mod 4) as 
well. 
Denote by X/a the factor graph of X relative to LE with vertex set 
{VW V1,. *. , Vm__,} and edges of the form V;-I$ if there is an edge in X with one 
end vertex in V and the other in l$ Clearly, the factor group R/S acts regularly 
on X/a and therefore X/a! is a Cayley graph. In particular, it must be regular. 
However, if p = 3 (mod 4) then we have c E N* n S* + 1 and so both 5 and 1 - 5 
belong to N*. Hence in view of (16) and (18) every orbit of a is an independent 
set in this case. But now the graph cannot be regular, except in some cases for 
p E (7, ll} (see below). Namely we believe that V;, is the only orbit adjacent to all 
other orbits. 
Finally, let us give a few concrete examples of graphs arising from this 
construction. For p = 5 we have the following suborbits: {OS}, (31)) (32}, 
(11, 14,01,04}, (12, 13,02,03} and {21,22, 23, 24). The suborbits of length 4 
are all self-paired giving rise to the line graph of the Petersen graph. 
For p = 7 we have, except for the trivial suborbit (00) and three suborbits of 
length 6, the following suborbits of length 3: {31,32,34}, {33,35,36} and 
{41,42,43}. The latter one gives rise to the Coxeter graph, whereas the other 
two generate 7 . K4. 
For p = 11 we have, except for the trivial suborbit and four suborbits of length 
10, five suborbits of length 5. Among them three are self-paired, two of which 
give rise to 11 - K, whereas the suborbit (6i, 62,63,64,65} generates the 
170 D. MaruW. R. Scapellato 
following graph on 66 vertices. Described via an element of order 11 in its 
automorphism group it has the vertex set 
U (ai, 49 Vi, wi9 Xi, yi) 
iEZ,* 
and ail the edges of the form aiui, aivi, aiwi, aixi, aiyi, uivi*l, ViWif2, wixif4, 
XiYif3r .YiUifS, ti E hll)* 
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